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Weakly bound molecules trapped with discrete scaling symmetries
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When the scattering length is proportional to the distance from the center of the system, two
particles are shown to be trapped about the center. Furthermore, their spectrum exhibits discrete
scale invariance, whose scale factor is controlled by the slope of the scattering length. While this
resembles the Efimov effect, our system has a number of advantages when realized with ultracold
atoms. We also elucidate how the emergent discrete scaling symmetry is violated for more than
two bosons, which may shed new light on Efimov physics. Our system thus serves as a tunable
model system to investigate universal physics involving scale invariance, quantum anomaly, and
renormalization group limit cycle, which are important in a broad range of quantum physics.
PACS numbers: 34.50.Cx, 03.65.Ge, 37.10.Pq
I. INTRODUCTION
When particles attract by a short-range interaction
with a large scattering length, their low-energy physics
becomes universal , i.e., independent of microscopic de-
tails [1]. Ultracold atoms are ideal to study such univer-
sal physics because of the tunability of interatomic in-
teractions and can provide insights applicable in a broad
range of physics. One of the most striking phenomena
in universal systems is the Efimov effect, i.e., the for-
mation of an infinite tower of three-body bound states
characterized by discrete scale invariance [2]. Although
the Efimov effect was originally predicted in the context
of nuclear physics, it is now subject to extensive research
in ultracold atoms [3].
In this paper, we propose novel systems in which two
particles exhibit discrete scale invariance in their spec-
trum. In order for this to happen, their interaction needs
to be scale invariant [4]. It is usually considered that the
short-range interaction can be scale invariant only when
the scattering length a is set to be zero or infinite. How-
ever, there is another possibility. The scattering length
is made space dependent and tuned to be proportional
to the distance from the center of the system:1
a(x) = c|x|. (1)
This interaction is scale invariant because there is no
dimensional parameter in it.
The emergence of the discrete scale invariance for
c > 0 can be understood intuitively by using the Born-
Oppenheimer approximation. Suppose one particle is
much heavier than the other particle. With the heavy
1 Here, translational symmetries are sacrificed. A similar but dif-
ferent way to achieve the scale-invariant interaction is to vary
the scattering length only in a certain direction, for example,
a(x) = c|z|. In this case, both the translational and rota-
tional symmetries are partially broken. While we expect similar
physics, we shall not deal with such cases in this paper.
particle fixed at x, the light particle forms a bound state
with binding energy −h¯2/[2µa(x)2], which in turn acts
as an effective potential for the heavy particle. There-
fore, one can design any attractive potential by tuning
the space dependence of the scattering length. In partic-
ular, when a(x) = c|x|, the effective potential becomes
an inverse square potential for which it is well known
that the spectrum exhibits discrete scale invariance [5].
Since two particles are trapped about the center of the
system with discrete scaling symmetry, we shall refer to
our system as a scaling trap.
This conclusion can be established for any mass ratio
by solving the two-body problem exactly with the space-
dependent scattering length. While our idea works in any
spatial dimensions, we shall give extensive and detailed
analyses in one dimension (Secs. II–IV) and then present
key results in two and three dimensions (Sec. V). Re-
marks on experimental realization with ultracold atoms
are given in Sec. VI.
II. TWO PARTICLES IN ONE DIMENSION
A. Bound-state solutions
Two interacting particles in one dimension are de-
scribed by the Schro¨dinger equation (hereafter h¯ = 1):[
−∇
2
X
2M
− ∇
2
x
2µ
+ V (X, x)
]
ψ(X, x) = E ψ(X, x). (2)
Here, M = m1 +m2 and µ = m1m2/(m1 +m2) are the
total and reduced masses and X = (m1x1 + m2x2)/M
and x = x1−x2 are the center-of-mass and relative coor-
dinates, respectively. For a zero-range interaction whose
strength depends on the position X , the interaction po-
tential is written as
V (X, x) = − 1
µa(X)
δ(x), (3)
where a(X) is the space-dependent scattering length. For
a bound-state solution with E ≡ −κ2/(2M) < 0, the
2Schro¨dinger equation is formally solved by
ψ˜(P, p) =
1
P 2
2M +
p2
2µ +
κ2
2M
1
µ
∫
dP ′
2π
1
a˜(P−P ′) χ˜(P
′), (4)
where ψ˜(P, p) ≡ ∫ dXdx e−iPX−ipx ψ(X, x) is the
wave function in momentum space and 1a˜(P ) ≡∫
dX e−iPX 1a(X) is the Fourier transform of the inverse
scattering length. By integrating both sides of Eq. (4)
over p, we obtain an integral equation solved by χ˜(P ) ≡∫
dp
2π ψ˜(P, p):
χ˜(P ) =
1√
P 2 + κ2
√
M
µ
∫
dP ′
2π
1
a˜(P−P ′) χ˜(P
′). (5)
We note that when a(X) = a > 0 is uniform, there is a
single bound state with binding energy E = −1/(2µa2).
Now for the linearly space-dependent scattering length
1/a(X) = 1/(c|X |), 1/a˜(P ) is ill defined because of
the divergence at X = 0. This divergence needs to be
regularized, for example, by a sharp cutoff 1/a(X) =
θ(|X | − ǫ)/(c|X |) or by a smooth cutoff 1/a(X) =
1/(c
√
X2 + ǫ2). In either case, the limit of an infinites-
imal cutoff ǫ → 0 leads to 1/a˜(P ) → −(2/c) ln(ǫ|P |) for
which the analytic solution of the integral equation (5)
is found to be
χ˜+(P ) = N+
cos[s+arcsinh(P/κ)]√
(P/κ)2 + 1
, (6a)
χ˜−(P ) = N−
sin[s−arcsinh(P/κ)]
i
√
(P/κ)2 + 1
. (6b)
The + (−) sign corresponds to the even (odd) parity, and
|N±|2 ≡
√
µ
M
2π
1± πs±sinhπs±
(7)
is the normalization constant to ensure∫
dPdp
(2π)2 |ψ˜±(P, p)|2 = 1 and s± > 0 solves
1 =
1
c
√
M
µ
coth πs+2
s+
, 1 =
1
c
√
M
µ
tanh πs−2
s−
. (8)
Details of deriving Eqs. (6) and (8) are presented in the
Appendix. Note that s+ has a solution for any c > 0
while s− has a solution only for 0 < c < π
√
M
4µ . The
latter range of c is assumed below unless otherwise stated.
Then the inverse Fourier transform of χ˜±(P ) leads to
the wave function with two particles at the same point,
χ±(X) = ψ±(X, 0), where
ψ+(X, 0) = κN+
cosh πs+2
π
Kis+(κ|X |), (9a)
ψ−(X, 0) = κN−
sinh πs−2
π
Kis−(κ|X |) sgn(X). (9b)
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FIG. 1. (Color online) Scale factors λ+ = e
π/s+ (lower curve)
and λ− = e
π/s− (upper curve) determined by Eq. (8) as func-
tions of the slope of the scattering length c˜ ≡ c
√
4µ/M .
An important observation is that this wave function
toward the origin X → 0 oscillates as ψ±(X, 0) ∝
Kis±(κ|X |) → |Γ(is±)| cos[s± ln(κ|X |/2) − arg Γ(is±)].
The phase of this oscillation is fixed by the precise be-
havior of a(X) near X = 0, which is not universal and
depends on experimental setups. However, what is uni-
versal is that because of the logarithmic periodicity in
κ, if κ = κ± is a solution, then κ = e−πn/s±κ± are all
solutions. Therefore, in each parity channel, there exists
an infinite tower of two-body bound states characterized
by discrete scale invariance:
E
(n)
± = −e−2πn/s±
κ2±
2M
. (10)
This is exactly the same physics as the Efimov effect while
the difference should be emphasized that our bound state
consisting of two particles is trapped about the center
of the system (see Fig. 2 below) and the scale factor
λ± ≡ eπ/s± is tunable by the slope of the scattering
length as shown in Fig. 1. We also note that the full
scale invariance demonstrated by the classical Hamilto-
nian (2) with a(X) = c|X | is broken down to its discrete
subset by the scale κ± generated in quantum mechanics.
This is known as a quantum anomaly [6].
B. Density and momentum distributions
We now determine single-particle density and momen-
tum distributions in the two-particle trapped state with
binding energy E = −κ2±/(2M). With the use of the
wave function obtained from Eqs. (4)–(6),
ψ˜±(P, p) =
2
√
µ
M
√
P 2 + κ2±
p2 + µM
(
P 2 + κ2±
) χ˜±(P ), (11)
the density distribution of a particle with mass m1,
n±(x1) ≡
∫
dx
∣∣ψ±(x1−m2M x, x)∣∣2, and its momentum dis-
tribution ρ±(p1) ≡
∫
dP
2π
∣∣ψ˜±(P, p1−m1M P )∣∣2 are plotted in
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FIG. 2. (Color online) Single-particle density distribution n±(x1) in the two-particle trapped state with even (left) or odd
parity (right panel) in units of κ± = 1. Solid, dashed, and dotted curves correspond to c = 0.5, 1, 1.5, respectively, with equal
masses m1 = m2.
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FIG. 3. (Color online) Single-particle momentum distribution p31ρ±(p1) in the two-particle trapped state with even (left) or
odd parity (right panel) in units of κ± = 1. Solid, dashed, and dotted curves correspond to c = 0.5, 1, 1.5, respectively, with
equal masses m1 = m2.
Figs. 2 and 3, respectively, for c = 0.5, 1, 1.5 with equal
masses m1 = m2. In particular, the momentum distribu-
tion at |p1|/κ± →∞ has an oscillatory large momentum
tail ρ±(p1)→ κ2±t±(p1) given by
t±(p1) ≡ |N±|
2
|p1|3
{
1
2
± Re
[(
2
√
2
|p1|
κ±
)2is±
× (1− is±) cosh
πs±
2 + s± sinh
πs±
2
2 coshπs±
]}
.
(12)
This logarithmic oscillation signals the discrete scale in-
variance, and exactly the same tail emerges in any few-
body or many-body state as we will show later. In con-
trast to the Efimov effect in which the oscillatory tail ap-
pears at the subleading order [7, 8], it appears at the lead-
ing order in our scaling trap. This will make its observa-
tion easier by a time-of-flight measurement in ultracold-
atom experiments.
III. MORE THAN TWO PARTICLES
A. Identical bosons
A longstanding problem in Efimov physics is whether
the discrete scale invariance demonstrated for three par-
ticles persists for more particles [1, 3]. It has been es-
tablished that this is the case for four bosons [9] while
the situation is less clear for larger numbers of parti-
cles. Here, we elucidate that the scaling trap realizes a
novel pattern of discrete-scaling-symmetry violation for
bosons. Different particle sectors obey different scaling
laws, and incommensurate scalings among them result in
the breakdown of discrete scale invariance.
This pattern can be explained easily in the limit c≪ 1
where the Born-Oppenheimer approximation is applica-
ble. Recall that one-dimensional bosons with a zero-
range attraction form an N -body bound state with bind-
ing energy −N(N2 − 1)/(6ma2) [10]. For the linearly
space-dependent scattering length a = c|X |, this binding
energy acts as an effective potential for the center-of-mass
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FIG. 4. (Color online) Lattice results for N-boson resonance
energy E
(n)
N in units of µ = 1 and unit lattice spacing versus
excitation number n at c = 0.25.
motion of the N -body cluster, which is described by
[
− ∇
2
X
2Nm
− N(N
2 − 1)
6mc2X2
]
ψN (X) = E ψN (X). (13)
Since this is the inverse square potential, N bosons form
an infinite tower of trapped states characterized by a dis-
crete scaling symmetry set by a scale factor λN = e
π/sN
with
sN =
1
c
√
N2(N2 − 1)
3
+O(c0). (14)
However, these N -body trapped states for N ≥ 3 are
actually unstable resonances coupled with continuum
states. For example, when N = 3, there are contin-
uum states composed of a free particle and a two-body
trapped state obeying a discrete scaling symmetry set by
λ2. Because dilatations with respect to λ2 ≈ eπc/2 and
λ3 ≈ eπc/(2
√
6) are incommensurate, the discrete scale
invariance breaks down for three bosons and hence more.
Further insights into the nature of N -boson resonances
can be developed in the same limit c ≪ 1. Because the
local binding energy scales as −1/(c|X |)2, their relative
wave function is localized within a separation ∼ c|X |.
On the other hand, their center-of-mass wave function
is ψN (X) ∼ KisN (κN |X |), which oscillates rapidly at
κN |X | ≪ 1 and decays exponentially at κN |X | ≫ 1.
This N -body cluster can decay into a deeper N ′-body
cluster with 2 ≤ N ′ < N , and its wave function also
oscillates rapidly but with a different logarithmic period
π/sN ′ > π/sN . Because of the resulting small overlap
between their wave functions, the N -boson resonances
are expected to have small decay widths and thus obey
an approximate discrete scaling law set by λN .
To confirm this consideration, we numerically com-
puted N -boson resonance energies for N = 2, 3, 4. Here,
a Hamiltonian lattice formalism and iterative eigenvector
methods were used in a semi-infinite system with a hard-
(F) (D) (N)
0 pi−1
c
−1
FIG. 5. Expected three phases with (F) full, (D) discrete, and
(N) no scaling symmetries for two-component fermions with
equal masses as a function of the inverse slope c−1.
wall boundary at the origin.2 At c = 0.25, decay widths
of resonances are indeed found to be negligible, and scal-
ing behaviors of resonance energies are clearly seen in
Fig. 4 as linear behaviors for large n in the logarithmic
plot. Their scale factors are extracted as λ2 ≈ 1.482(2),
λ3 ≈ 1.172(2), and λ4 ≈ 1.10(2), which are in good agree-
ment with the Born-Oppenheimer approximation
λN ≈ eπc/
√
N2(N2−1)/3 ≈ 1.481, 1.174, 1.092, (15)
for N = 2, 3, 4, respectively.
B. Two-component fermions
In contrast to bosons, we did not observe any reso-
nances in the spectrum of three fermions (two of one com-
ponent and one of the other) with equal masses. This is
indeed expected because one-dimensional two-component
fermions with equal masses and with a zero-range attrac-
tion do not form any bound states with more than two
fermions [10]. Therefore, their discrete scaling symmetry
cannot be violated by the pattern elucidated above.
On the other hand, there exists another pattern of
discrete-scaling-symmetry violation which is common to
bosons and fermions. For more than two particles, both
even- and odd-parity two-particle states contribute in
general. Because they obey incommensurate scalings set
by λ+ and λ−, the discrete scale invariance breaks down.
However, this pattern does not take place in the range
c > π where only the even-parity channel exhibits the
discrete scale invariance, and the odd-parity channel re-
mains scale invariant [see Eq. (8)]. Here, it is possible
that an arbitrary number of fermions maintains the dis-
crete scaling symmetry set by λ+. Furthermore, when
c < 0, both even- and odd-parity channels remain scale
invariant and hence the whole system. Accordingly, as
shown in Fig. 5, we expect two-component fermions with
equal masses to exhibit three phases with distinct sym-
metries as a function of the inverse slope: phases with
full scale invariance at c−1 < 0, discrete scale invariance
at 0 < c−1 < 1/π, and no scale invariance at 1/π < c−1.
2 While this one-sided system, in general, does not have the same
spectrum as the two-sided system studied in the rest of this pa-
per, they show the same scaling behaviors in the limit c ≪ 1
where the Born-Oppenheimer approximation is applicable.
5æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
500 1000 5000 1´104
L
Κ+
-10
-5
0
5
10
g+HLL
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
1000 5000 1´104 5´104
L
Κ-
-10
-5
0
5
10
L2g-HLL
FIG. 6. (Color online) Running couplings g+(Λ) (left) and Λ
2g−(Λ) (right panel) as functions of the cutoff Λ/κ± for c = 1 with
equal masses m1 = m2. Points are numerical solutions of the integral equation (18), and solid curves are fits by the analytic
expression (19).
Their many-body physics and phase transitions in be-
tween will be extremely interesting and should be ex-
plored in the future.
IV. EFFECTIVE FIELD THEORY
A. Renormalization group limit cycle
The scaling trap can be formulated in the language of
effective field theories. A local-field theory to be consid-
ered is
H =
∫
dx
[
−ψ†i
∇2
2mi
ψi(x) − 1
µc|x|ψ
†
1ψ
†
2ψ2ψ1(x)
]
(16a)
+
g+
µ
ψ†1ψ
†
2ψ2ψ1(0) +
g−
µ
∇[ψ†1ψ†2]∇[ψ2ψ1](0), (16b)
where i = 1, 2 is summed and the space argument (x)
acts on all operators on its left. The first part [Eq. (16a)]
describes particles interacting by the zero-range interac-
tion with the linearly space-dependent scattering length.
As we discussed above, such an interaction is singular
at the origin and needs to be regularized by introducing
a cutoff. The independence of physical quantities from
the cutoff is ensured by counterterms. According to the
above argument of discrete-scaling-symmetry violation,
N -body counterterms, ψ†NψN (0) and ∇[ψ†N ]∇[ψN ](0),
are needed for bosons each with N ≥ 2. On the other
hand, the two counterterms in Eq. (16b) are expected to
be sufficient for an arbitrary number of two-component
fermions with equal masses.
An expression for the cutoff-dependent coupling g±(Λ)
is obtained in the same spirit of Ref. [11]. We employ a
sharp momentum cutoff |P | < Λ and require that two-
body physics becomes independent from the choice of Λ.
The two-body sector of our field theory (16) is equiva-
lent to the Schro¨dinger equation in Eq. (2) but with the
modified interaction potential
V (X, x) =
[
− 1
c|X | + g+δ(X) + g−
←∇Xδ(X)
→∇X
]
δ(x)
µ
.
(17)
Accordingly, the integral equation in Eq. (5) is modified
to
χ˜(P ) = − 1√
P 2 + κ2
√
M
µ
∫ Λ
−Λ
dP ′
2π
×
[
2
c
ln
( |P − P ′|
Λ
)
+ g+(Λ) + g−(Λ)PP ′
]
χ˜(P ′).
(18)
Then we require that its solution χ˜±(P ) for |P |, κ ≪
Λ found in Eq. (6) does not change when the cutoff is
changed from Λ to Λ′. This requirement is satisfied by
choosing
g+(Λ) =
2
c
{
α+ − cot[φ+(Λ)]
s+
}
, (19a)
Λ2g−(Λ) =
2
c
α−
s− cos[φ−(Λ)] + sin[φ−(Λ)]
s− cos[φ−(Λ)]− sin[φ−(Λ)] , (19b)
where φ±(Λ) ≡ s± ln(2Λ/κ±)−β±. With numerical con-
stants α± and β±, the analytic expression (19) fits to nu-
merical solutions of the integral equation (18) accurately
as shown in Fig. 6.3 An important observation is that
these couplings run in logarithmically periodic ways in
the large cutoff limit Λ/κ± ≫ 1. This is known as a
renormalization group limit cycle, and the Efimov effect
is its rare manifestation in physics [12]. Our scaling trap
is newly added to a short list of systems demonstrating
the limit cycle.
3 We found fitting parameters to be (α+, β+) ≈
(0.409, 0.326), (0.256, 0.237), (0.169, 0.153) and (α−, β−) ≈
(1.35, 0.220), (1.18, 0.106), (1.11, 0.0542) for c
√
4µ/M =
0.5, 1, 1.5, respectively.
6B. Universal relationships
The field-theoretical formulation (16) is useful to de-
rive universal relationships valid for any few-body or
many-body state [8]. An operator product expansion of∫
dx1 e
−ip1x1 ψ†1
(
X1 − x1
2
)
ψ1
(
X1 +
x1
2
)
(20)
=W+(X1, p1)O+(X1) +W−(X1, p1)O−(X1) + · · ·
at |p1| → ∞ is dominated by the following two local
operators:
O+(X) ≡ ψ†1ψ†2ψ2ψ1(X), (21a)
O−(X) ≡ ∇[ψ†1ψ†2]∇[ψ2ψ1](X). (21b)
By matching the matrix elements of both sides of Eq. (20)
with respect to the two-particle trapped state obtained
in Sec. II, the Wilson coefficient of O± is found to be
W±(X1, p1) = −M
µ
∂g±
∂ lnκ±
t±(p1)δ(X1). (22)
Accordingly, the momentum distribution of a particle
with mass m1 exhibits the oscillatory large momentum
tail
ρ(p1) =
∫
dX1dx1 e
−ip1x1
〈
ψ†1
(
X1 − x1
2
)
ψ1
(
X1 +
x1
2
)〉
→ t+(p1) C+ + t−(p1) C− (23)
for any state of the scaling trap. The functional form
of each term is fixed by the two-body physics t±(p1) ob-
tained in Eq. (12) for equal masses while its overall mag-
nitude is set by an analog of the contact density defined
by
C± ≡ −M
µ
〈
∂g±
∂ lnκ±
O±(0)
〉
. (24)
By applying the Hellmann-Feynman theorem to the
Hamiltonian (16), we find that C± measures how an en-
ergy of the state under consideration changes with re-
spect to κ±:
κ±
∂E
∂κ±
= −C±
M
. (25)
In particular, the contact density is given by C± =
e−2πn/s0κ2± for a two-particle trapped state with bind-
ing energy in Eq. (10).
Another universal relationship involving C± can be de-
rived by considering a “boundary” operator product ex-
pansion of
ψ†1ψ
†
2ψ2ψ1(X) =W+(X)O+(0) +W−(X)O−(0) + · · ·
(26)
toward the origin X → 0. By matching the matrix ele-
ments of both sides of Eq. (26) with respect to the two-
particle trapped state obtained in Sec. II, the Wilson
coefficient of O± is found to be
W±(X) = −M
µ
∂g±
∂ lnκ±
u±(X), (27)
where u±(X) ≡ limX→0 |ψ±(X, 0)|2/κ2± is obtained from
the two-body wave function in Eq. (9):
u+(X) =
∣∣∣∣N+ cosh
πs+
2
π
Γ(is+)
× cos
[
s+ ln
(
κ+|X |
2
)
− argΓ(is+)
]∣∣∣∣
2
,
(28a)
u−(X) =
∣∣∣∣N− sinh
πs−
2
π
Γ(is−)
× cos
[
s− ln
(
κ−|X |
2
)
− argΓ(is−)
]∣∣∣∣
2
.
(28b)
Therefore, the probability of finding two particles at the
same point oscillates toward the origin as
〈ψ†1ψ†2ψ2ψ1(X)〉 → u+(X) C+ + u−(X) C−. (29)
These universal relationships found in Eqs. (23), (25),
and (29) are valid for any few-body or many-body state
of the scaling trap.
V. SCALING TRAPS IN TWO AND THREE
DIMENSIONS
So far we have focused on physics in one dimension,
but our idea works equally well in two and three dimen-
sions. A two-body bound-state problem by a zero-range
interaction in an arbitrary spatial dimension d reduces to
solving an integral equation which is an analog of Eq. (5)
in real space:
χd(X) =
∫
dX ′dP
(2π)d
eiP ·(X−X
′) χd(X
′)[√
µ
M
√
P 2 + κ2 a(X ′)
]2−d . (30)
Here, E = −κ2/(2M) is the binding energy, and
χ2(X) ≡ lim|x|→0
ψ(X,x)
ln[2e−γa(X)/|x|] (31)
and
χ3(X) ≡ lim|x|→0
∂
∂|x| [|x|ψ(X,x)] (32)
are associated with wave functions with two particles at
the same point. The scattering length a(X) is defined
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FIG. 7. (Color online) Scale factor λℓ = e
π/sℓ in two (left) or three dimensions (right panel) determined by Eq. (35) or (36) as a
function of the slope of the scattering length c˜ ≡ c
√
4µ/M . Four curves from the bottom to the top correspond to ℓ = 0, 1, 2, 3,
respectively.
so that when a(X) = a > 0 is uniform, there is a single
bound state with binding energy E = −1/(2µa2).4
The emergence of a scaling trap for the linearly space-
dependent scattering length a(X) = c|X| is deduced
from the existence of solutions that oscillate as χd(X)→
|X|1−d±is toward the origin κ|X| → 0. By substituting
a scaling ansatz
χ2(X) ∼ |X|−1+isℓ eiℓθXˆ (33)
or
χ3(X) ∼ |X|−2+isℓPℓ(cos θXˆ) (34)
into the integral equation (30) with κ → 0, we find that
sℓ solves
ln
(
1
c
√
M
4µ
)
=
Ψ
(
ℓ+1+isℓ
2
)
+Ψ
(
ℓ+1−isℓ
2
)
2
(35)
in d = 2 with Ψ(z) ≡ Γ′(z)/Γ(z) or
1
c
√
M
4µ
=
Γ
(
ℓ+2+isℓ
2
)
Γ
(
ℓ+2−isℓ
2
)
Γ
(
ℓ+1+isℓ
2
)
Γ
(
ℓ+1−isℓ
2
) (36)
in d = 3. For each angular momentum ℓ where sℓ has
a solution,5 there exists an infinite tower of two-particle
trapped states characterized by discrete scale invariance:
E
(n)
ℓ = −e−2πn/sℓ
κ2ℓ
2M
. (37)
4 Note that this scattering length in d = 2 is different from the con-
ventional one defined by lim|x|→0 ψ(x) ∝ ln(a∗/|x|) for which
the binding energy is given by E = −4e−2γ/(2µa2∗). There-
fore, a∗ = 2e−γa in this paper, where γ ≈ 0.5772 is the Euler-
Mascheroni constant.
5 sℓ has a solution when c
√
4µ
M
< exp
[
−Ψ
(
ℓ+1
2
)]
≈
7.124, 1.781, 0.9642, 0.6552, . . . in d = 2 or when c
√
4µ
M
<
[
Γ
(
ℓ+1
2
)
/Γ
(
ℓ+2
2
)]2
≈ 3.142, 1.273, 0.7854, 0.5659, . . . in d = 3
for ℓ = 0, 1, 2, 3, . . . , respectively.
Its scale factor λℓ ≡ eπ/sℓ is plotted in Fig. 7. We ex-
pect similar patterns of discrete-scaling-symmetry vio-
lation for more than two particles as elucidated in one
dimension.
VI. REMARKS ON EXPERIMENTAL
REALIZATION
In this paper, we proposed scaling traps in which two
particles form an infinite tower of trapped states charac-
terized by discrete scale invariance. The key idea is to
make the scattering length proportional to the distance
from the center of the system so that a short-range in-
teraction becomes scale invariant. Because of the lack
of translational symmetries, center-of-mass and relative
motions of the pair are coupled, and its relative mo-
tion generates an effective inverse square potential for
its center-of-mass motion. Such a space-dependent inter-
action can be realized in ultracold-atom experiments by
a magnetic- or optical-field-induced Feshbach resonance
with spatially varying magnetic- or optical-field inten-
sity [13] or, if the system is confined in lower dimen-
sions, by a confinement-induced resonance with trans-
verse confinement lengths varying along a longitudinal
direction [14, 15].
If two particles correspond to different spin states of
a fermionic atom, our two-body bound states with Efi-
mov character are long-lived because three-body recom-
binations are strongly suppressed by the Pauli exclusion
principle [16]. Furthermore, a scale factor can be easily
controlled by the slope of the scattering length. This will
greatly facilitate an observation of the discrete scale in-
variance, for example, by a radio-frequency spectroscopy
or a time-of-flight measurement. Therefore, the scaling
trap overcomes common difficulties in ultracold-atom ex-
periments of Efimov physics arising from an instability
of three-body bound states and their sizable scale factor
≈ 22.7. Advantages of the scaling trap over the Efimov
effect are summarized in Table I.
8TABLE I. Comparison between the Efimov effect and the scal-
ing trap in terms of (i) the dimensionality in which they can
appear, (ii) the required number of particles, (iii) the stability
of the bound states, (iv) the order at which the large momen-
tum tail oscillates, and (v) the tunability of the scale factor
λ.
Conditions Efimov Effect Scaling Trap
(i) 3D 1D, 2D, 3D
(ii) 3 particles 2 particles
(iii) unstable long-lived
(iv) subleading leading
(v) fixed tunable
We also elucidated that the discrete scaling symme-
try emergent for two particles is inevitably violated for
three or more bosons due to the appearance of resonance
states obeying different scaling laws while they are absent
for fermions. It is possible that insights developed here
shed new light on Efimov physics. Our scaling trap thus
serves as a tunable model system to investigate univer-
sal physics involving scale invariance, quantum anomaly,
and renormalization group limit cycle, which are impor-
tant in a broad range of quantum physics.
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Appendix: Derivation of Eqs. (6) and (8)
The integral equation (5) in the limit of an infinitesimal
cutoff ǫ→ 0 becomes
√
P 2 + κ2 χ˜(P ) = −2
c
√
M
µ
∫
dP ′
2π
ln(ǫ|P − P ′|) χ˜(P ′).
(A.1)
The analytic solution to this integral equation presented
in Eqs. (6) and (8) can be derived in a way similar to
that used in Ref. [17].
In the even-parity channel χ˜+(P ) ≡ [χ˜(P )+χ˜(−P )]/2,
the integral equation (A.1) in terms of a new variable
P ≡ κ sinhQ can be written as
coshQ χ˜+(Q) (A.2)
= −2
c
√
M
µ
∫
dQ′
2π
ln[ǫκ| sinh(Q −Q′)|] coshQ′χ˜+(Q′).
By defining the Fourier transform of the integral kernel
by
K+(s) ≡
∫
dQ
2π
eiQs ln | sinhQ| = −coth
πs
2
2s
, (A.3)
the integral equation (A.2) can be brought into a differ-
ential equation:
coshQ χ˜+(Q) = −2
c
√
M
µ
K+(i∂Q) coshQχ˜+(Q)
− 2
c
√
M
µ
ln(ǫκ)
∫
dQ′
2π
coshQ′χ˜+(Q′).
(A.4)
Since χ˜+(Q) is an even function, its solution is easily
found to be
coshQ χ˜+(Q) ∝ cos(s+Q) (A.5)
with s+ 6= 0 satisfying
1 = −2
c
√
M
µ
K+(s+). (A.6)
Similarly, in the odd-parity channel χ˜−(P ) ≡ [χ˜(P ) −
χ˜(−P )]/2, the integral equation (A.1) in terms of a new
variable P ≡ κ sinhQ can be written as
coshQ χ˜−(Q) (A.7)
= −2
c
√
M
µ
∫
dQ′
2π
ln
∣∣∣∣tanh Q−Q′2
∣∣∣∣ coshQ′χ˜−(Q′).
By defining the Fourier transform of the integral kernel
by
K−(s) ≡
∫
dQ
2π
eiQs ln
∣∣∣∣tanh Q2
∣∣∣∣ = − tanh πs22s , (A.8)
the integral equation (A.7) can be brought into a differ-
ential equation:
coshQ χ˜−(Q) = −2
c
√
M
µ
K−(i∂Q) coshQχ˜−(Q).
(A.9)
Since χ˜−(Q) is an odd function, its solution is easily
found to be
coshQ χ˜−(Q) ∝ sin(s−Q) (A.10)
with s− satisfying
1 = −2
c
√
M
µ
K−(s−). (A.11)
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